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Basic Descriptive Tools and Terms
 Multivariate Time Series
 Concepts introduced before  easily generalized to multivariate time series
 Auto-covariance and autocorrelation  cross-covariance and cross-

correlation functions with analogue measures like coherence defined in the
frequency domain
 Covariance matrix
 𝚪 Δ𝑡 = 𝛾

time lag Δ𝑡

Δ𝑡

among different time series variables indexed by i and j, for each

𝛾 Δ𝑡 ≔ E 𝑥 − 𝜇
𝑥,
−𝜇 ,
 Diagonal entries of 𝚪 Δ𝑡 : the usual auto-covariance functions
 Off-diagonal entries: the temporal coupling among different time series at the
specified lags
 Additional issues
 Strong autocorrelations – may inflate estimates of cross-correlations & lead to
spurious results for time series which are truly independent
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Basic Descriptive Tools and Terms
 Multivariate Time Series
 Analysis of cross-correlations among experimentally recorded single-unit activities
 One of the m/i neurophysiological applications & fundamental in theories of neural coding and functional
dynamics in the nervous system
 Plotting 𝛾 Δ𝑡 as a function of Δ𝑡
 Peaks in the spike-time cross-correlation function  indication of the underlying connectivity
o The sign (excitatory or inhibitory) and potential direction (from time lag Δ𝑡) of neural
connections
o Strictly, directedness – not inferred from 𝛾 Δ𝑡 alone
 Such physiological information – used to reconstruct the underlying network structure
 Neural cross-correlations – highly dynamic & may change with behavioral task epochs and stimulus
conditions
 Only partly reflect anatomical connectivity
o The influential concept of a synfire chain  synchronized spike clusters travel along chains of
feedforward-connected neurons
 Indicate more the functional connectivity
o A signature of the transient grouping of neurons into functional (cell) assemblies representing
perceptual or internal mental entities
o The precisely synchronized alignment of spiking times reflected by significant zero-lag peaks in
the cross-correlation function  “bind” different features of sensory objects into a common
representation while segregating it in time from other co-active representations (e.g.,
foreground-background separation in a visual scene) through anticorrelations (i.e., peaks at
Δ𝑡 = 𝜋 or at least Δ𝑡 ≠ 0)
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Basic Descriptive Tools and Terms
 Multivariate Time Series
 Problems in the functional interpretation of neural cross-correlations
 Hampered by a number of experimental and statistical issues
 It relies on the validity of the spike sorting process
 By which patterns in the recorded extracellular signals – identified as spike
waveforms & assigned to different neurons
 Incorrect assignment  artificial correlations (e.g., the same signal – wrongly
attributed to different units) as well as the loss of precise spike-time relations
 Non-stationarity across presumably identical trials, or within trials
 Another source of error
 Induce apparent sharp spike-time correlations where there are none
 Potential non-stationarities – taken care of in the analysis of cross-correlations
o By using sliding windows across which the process can safely be assumed to be
(locally) stationary
o By removing them from the spike trains and cross-correlation function or
o By explicitly designed non-stationarity corrected test statistics
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Basic Descriptive Tools and Terms
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Fig. 7.3 Example of Pearson spike-time cross-correlogram from prefrontal cortical neurons. “Raw” spike-time
cross-correlogram (PCC) in bold gray, stationarity-corrected Pearson crosscorrelogram (scPCC) in black, and
cross-correlogram from block permutation bootstraps in thin gray. Reprinted from Quiroga-Lombard et al.
(2013), Copyright (2013) by The American Physiological Society, with permission

Linear Time Series Models
 Most general form
 Assumption: observation

– a linear combination of past values (autoregressive
(AR) part) and of present and past noise inputs (moving-average (MA) part):
(a)
 p and q: the order of the model (how much in time “it looks back”)  ARMA(p, q) model
 Sets of coefficients {𝑎 } and {𝑏 }

Determine the influence past (or present noise) values have on the current state of the
system
 Strictly related to the (partial) autocorrelations of the time series


 Several things to do (given an empirically observed time series { })
 Evaluate
 Whether a linear model like (a) is appropriate at all
 Whether it gives rise to a stationary or a nonstationary time series
 What the proper order p and q are
 What the coefficients {𝑎 } and {𝑏 } are
 Test specific hypotheses on the model
 Whether certain coefficients significantly deviate from zero or from each other
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Linear Time Series Models
 Some basic properties of this class of models
 Their relationship to the acorr function
 The relation btw AR and MR parts
 ARMA models: integral building blocks of linear state space models (Sect. 7.5.1)

& linear implementations of the Granger causality concept (Sect. 7.4)
widespread applications in neuroscience
 Tools to generate null hypothesis distributions (Sect. 7.7, Chap. 8) as time series
of interest in neuroscience are usually not linear

 Basic duality btw pure AR and pure MA models
 Any AR model of order p – equivalently expressed as an MA model of infinite

order by recursively substituting previous values

of in the equation

 Ex: AR(1) model

(b)




Start the series at 𝑥 = 𝑎 + 𝜀
Expand into:

(c)
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o Rewritten in terms of an ultimately (for 𝑡 → ∞) infinite order MA model

Linear Time Series Models
 Basic duality btw pure AR and pure MA models

 Any AR model of order p
(b)
 Ex: AR(1) model
: a geometric series (⸪
)  converges only for

to
for
o More generally, if
for an AR model  – systematically
drift or grow across time  nonstationary process! (will exhibit trend)
: process – just randomly driven around by the noise plus a

systematic drift imposed by (random walk)
: – exponentially grow

 Any pure MA model of order q – equivalently expressed as an infinite

order (for

) AR process

 Ex: expanding an MA(1) process & starting at
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Linear Time Series Models
 Basic duality btw pure AR and pure MA models
 Backward shift operator: 𝐵 𝑥 = 𝑥
 To simplify notation and derivations
 Any ARMA(p, q) model expressed in the form:

 The relationship btw AR or MA models & acov function
 Multiplying left- and right-hand sides of (b) through time-lagged versions of 𝑥 & taking

expectations

 Assuming 𝑎 = 1 E 𝑥 = 0 from (c)
 A stationary AR(1) model of the form (b):

𝐸𝜀𝑥
 0 (⸪𝜀 assumed to be a white noise process & 𝑥
expressed as an infinite sum of
previous 𝜀 , … , 𝜀
terms (uncorrelated with 𝜀 by definition))
 Assuming stationary process: acov 1 = 𝑎 acov(0)
:
 Repeating the steps above & multiplying through with 𝑥


 Yule-Walker equations (a set of equations) & a simple estimate of 𝑎 :
 A stationary AR(1) model: autocorrelations – simply exponentially decay with time lag Δ𝑡 as 𝑎

 A higher-order AR(p) model: a mixture of several overlaid exponential time courses
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Linear Time Series Models
 The relationship btw AR or MA models & acov function
 Partial autocorrelation (pacorr)
 AR(p) process  regress out the effects of direct temporal neighbors 𝑥
from 𝑥
by performing the optimal AR(1) prediction
 (first-order) partial autocorrelation function of the time series = the correlation
with the remaining auto-predictors (after removing the influence of 𝑥 on 𝑥 )
 Doing this at most p times  left with the pure noise process 𝜀 (⸪𝑥 depends on
earlier observations 𝑥
(q>p) only through the preceding p values whose
influence has been removed)
o lags>p: pacorr function → 0 (⸪𝜀 themselves – mutually independent)
 Conclusion:
o Examining the pacorr function of the time series  an estimate of the order p
of an AR process; the autocorrelations  estimates of the parameters
o Not recommended (⸪ the Yule-Walker estimates always give rise to a
stationary AR process (in fact presume it) although it really might be not)
o Ex: AR(1) model with 𝑎 =0 (correlations – bounded in [-1, 1])
• Always end up with a stationary process unless the correlation is perfect (⸪ for
𝑎 < 1, series (c) would always converge)
• Only for a perfect correlation ( acorr 1 = 1)  a random walk or “sign flipping”
process
10

Linear Time Series Models
 The relationship btw AR or MA models & acov function
 Partial autocorrelation (pacorr)
 MA(q) process:

Autocorrelations  the order q and coefficients of an MA process

at different times – all uncorrelated, multiplying through with
&
taking expectations  the acov function cuts off at lag q (all longer lag
autocorrelations evaluate to 0 for such process)


 Forecasts

∆

 Simply obtained from

by iterating the estimated model steps
ahead into the future (once parameters of an ARMA process have
been determined)
based on the estimated model (
 Formally, seek
∆
for all > )
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Linear Time Series Models

Fig. 7.5 Autocorrelation (left column) and partial autocorrelation (right column) function for an AR(5)
process (top row) and a MA(5) process (bottom row). Note that the pacorr function precisely cuts off
after lag 5 for the AR(5) process [a = (0.5 0.3 0.3 0.2 0.2), b0=0.2], while the acorr function cuts off
after lag 5 for the MA(5) process [b = (0.8 0.3 0.2 0.1 0.1 0.1)]. MATL7_3
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Linear Time Series Models
 Estimation of Parameters in AR Models

 A basic equivalence btw AR and MR  focus on pure AR models
 Parameter estimation for AR – more straightforward than for MA models
 In practice, a MA model – sometimes the more parsimonious or convenient
description
 A model of the form:
(d)
 The last T-p observations of an observed time series {𝑥 }(t=1,…,T)  𝐱

𝑥 ,…,𝑥
,…,𝑥
 Arranging for each 𝑥 in 𝐱 the p preceding values 𝑥
matrix 𝐗 (further augmented by a leading column of 1s):
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=

 a (T-p)×p

((p+1)×1) coefficient vector 𝐚 = 𝑎 , … , 𝑎
Exactly the same form as the multiple regression model with p predictors and a
constant term
Parameter estimation in the same way by LSE or ML (usually assuming Gaussian
white noise for ML):

Linear Time Series Models
 Estimation of Parameters in AR Models
 A model of the form:
(d)
 Steady-state mean of this process
 Based on the same type of expansion of an AR model as in (c)


(e)

o By assumption
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for all & provided the series converges

Linear Time Series Models
Fig. 7.6 Order (left column) and parameter (right column)
estimation in a multivariate AR(3) process (top row), in ISI
series (center row), and for four simultaneously recorded
BOLD time series (bottom row); same data as in Fig. 7.1
(Lapish et al. 2008; Ba¨hner et al. 2015). For the MVAR(3)
process, although hard to see in the graph (see MATL7_4 file
for more details), the BIC indeed indicates a third-order
process with a minimum at 3 (and higher orders do not
significantly reduce the model error according to the sequential
test procedure described in the text). True parameters (blue
bars) and estimates (yellow bars) tightly agree. The ISI series is
well described by a third-order process (left) with all estimated
parameters achieving significance (p < .05; right). For the 4variate BOLD series, a second-order MVAR process (according
to the BIC) appears appropriate. The matrix on the right shows
parameter estimates for the first two autoregressive matrices
(concatenated in the display; a0 coefficients omitted), with
significance ( p < .01) indicated by stars. Note, however, that
assumptions on residuals were not checked for the purpose of
these illustrative examples! MATL7_4
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Linear Time Series Models
 Estimation of Parameters in AR Models
 Multivariate setting
 Multivariate AR model (vector autoregressive, VAR, model) – the form of a multivariate

linear regression:

(f)

𝐱 : a K-variate column vector (K = # of time series  time arranged across columns,
not rows)
 𝐀 : full (K×K) coefficient matrices  (linear) interactions among variables
 𝚺: a full covariance matrix
 Parameter estimation
 Along the same lines as for the univariate model
 In accordance with the multivariate regression model (Sect. 2.2)
o The concatenation of the multiple regression solutions & a real difference only for
statistical testing
 AR(p) or VAR(p)  reformulated as a p-variate VAR(1) or (p×K)-variate VAR(1) model
 By concatenating the variables, vectors, or matrices on both sides of (d) and (f)
 Ex: an AR(2) model (ignoring offset 𝑎 )
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Everything derived for AR(1) or VAR(1) models – directly transfers to AR(p) and VAR(p)
models, respectively

Linear Time Series Models
 Estimation of Parameters in AR Models
 Multivariate setting
 Stationarity (stability) condition for the model
 Convergence of the geometric series in (e) in the multivariate setting
generalized to the requirement that:
o All eigenvalues of the transition matrix 𝐀 < 1 in absolute value (modulus)
o Derived by expressing 𝐀 (a full-rank square matrix) in terms of its
eigendecomposition & expanding the process in time as in (c) or (e)
o The process converging along all eigendirections in the K-dimensional space
 Appropriateness of the model
 By checking the distribution of the residuals (like in conventional regression
models)
 After having determined whether a stationary process (o.w., procedures for
detrending or removing other types of non-stationarity first)
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Linear Time Series Models
 Statistical Inference on Model Parameters
 Asymptotic statistical inference
 Assumption: an V/AR(p) model of the form (d) or (f) (distinguish btw sample
estimates of the coefficients 𝛼 = 𝑎 and underlying population parameters 𝛼 )
 Restriction: the white noise – comes from Gaussian process  𝛆~N 𝟎, 𝜎 𝐈 , or
𝛆 ~N 𝟎, 𝚺 , respectively, with 𝐸 𝛆 𝛆 = 0 for 𝑡 ≠ 𝑡
 Separating systematic (V/AR) and pure noise part  most of the asymptotic theory
developed in the context of the GLM applied to V/AR models (bootstrap-based testing
for time series  Sect. 7.7)
 T-type statistics for individual parameter estimates
of the models

(testing H0:

 Univariate case:

)

(g)

 K variables: df= [T–p] – [Kp+1],𝜈 = the ith diagonal element of 𝐗 𝐗
 Assumption: the length of time series available for estimation = T–p (not T)
 The same form and the same assumptions as in the standard multivariate/multiple

linear regression model  derived the same way
: the assumption 𝛆~N 𝟎, 𝜎 𝐈  a normal distribution for
 Just as in
parameter estimates and a corresponding 𝜒 –distribution for the denominator of (g)
18

Linear Time Series Models
 Statistical Inference on Model Parameters
 (more generally) linear hypotheses of the form
 Checked by likelihood ratio or Wald-type statistics
 A – the matrix of coefficients; C – a matrix of constants (usually 0’s)
 L (indicator matrix) – picks out or combines elements from A in accordance with the
specific hypothesis to be tested
 Likelihood function of an V/AR(p) process
 Directly from the distributional assumptions on the residuals
 Model definition (d)  𝑥 – dependent on the past only through the previous p values
{𝑥 , … , 𝑥 } & conditionally independent from any earlier values once known
 Bayes’ law  the total likelihood factorizes as:
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f – used to indicate the density here (to avoid confusion with parameter p)
Model parameters in 𝐚 = 𝐗 𝐗 𝐗 𝐱 – only estimated from the last T–p observations
(⸪ for the first p observations, not a complete set of p known predecessors &
hence the likelihood also formulated in terms of the last T–p outputs only)
o Other choices possible  might complicate estimation and inference (may have
to add unobserved r.v.’s to our system)

Linear Time Series Models
 Statistical Inference on Model Parameters
 Likelihood function of an V/AR(p) process
 𝜀 ~N 0, 𝜎 (residuals – independently Gaussian distributed with zero mean &
variance 𝜎 )
 Putting this together:

Last equality: 𝜀 = 𝑥 − 𝛼 + ∑ 𝛼 𝑥
according to the model definition & all
residuals collected into a single vector 𝛆 = 𝜀 , … , 𝜀
(a multivariate Gaussian
with covariance matrix 𝜎 𝐈)
 The likelihood equivalently expressed in terms of a multivariate distribution on the
residuals
 The log-likelihood of model (d):
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Likelihood maximization w.r.t. parameters {𝛼 }  minimizing the residual sum of
squares

(h)

Linear Time Series Models
 Statistical Inference on Model Parameters
 Likelihood function of an V/AR(p) process
 Case of a multivariate model with K variables (f)
 Covariance  a block-diagonal matrix with (K×K) blocks of
 All residuals – concatenated into one long vector
,



,

Mere representational issue; – always refer to the covariance of the
K-variate process

 Log-likelihood ratio test statistic
 Defined using the likelihood function
 For determining the proper order of the V/AR model
in (h) the ML estimator
 Plugging in for
the last term 
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Linear Time Series Models
 Statistical Inference on Model Parameters
 Log-likelihood ratio test statistic
 (approximately) F-distributed log-likelihood ratio based statistic:

(more generally) a K-variate VAR process  models of orders p vs. p+1 –
differ by a total of K2 parameters
o The log-likelihood ratio statistic determined only from the last T-p-1
time series observations available for estimation in both the larger (p+1)
and the smaller (p) model, divided by K2
 A series of successive hypothesis tests
o Starting from p=1
o Increasing the order of the process as long as the next higher order still
explains a significant amount of variance in the process (i.e., reduces
the residual variance significantly according to (h))
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Linear Time Series Models
 Statistical Inference on Model Parameters
 Much more caution than conventional regression models for ML

estimation and testing in AR time series models

 Dealing with (often highly) dependent data  crucial that all these

dependencies covered by the systematic part of the model (through
parameters A)
 Plotting:
 The residuals from the model as a function of time  should not depend
on it
 The autocorrelation function of the residuals
o Should be about 0 everywhere except for the 0-lag
o (more formally) by Portmanteau lack-of-fit tests
• Check potential deviations of the residual autocorrelations from zero
• Yield asymptotically 𝜒 distributed statistics under the H0

23

